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Abstract A new formulation for the dynamic stability of cracked columns is proposed. In this formulation,
a differential equation governing the free vibration of a cracked column subjected to compressive axial
force is derived. The solution of the proposed equation needs only the end conditions for its solution
(similar to that of intact beam columns). The equation is solved using the Laplace Transform. Both
conservative and non-conservative forces are considered. The closed form solution is then used in the
dynamic stability investigation of the cracked column with different boundary conditions. The accuracy,
efficiency and robustness of the work are verified through numerical examples.
© 2013 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
The vibration and stability of cracked members has been
under study for several decades [1]. Wang and Qiao [2] pre-
sented a general solution for the vibration of an Euler Bernoulli
beamwith an arbitrary number of discontinuities.With thehelp
of Heaviside’s unit step function, the modal displacement of
the beam is shown by a single function. The governing equa-
tion is solved with the help of the Laplace Transform. The
efficiency and applicability of the work is verified through
analysis of three application examples. Caddemi and Calio [3]
investigated the computation of the effect of cracks on the sta-
bility of a column under general boundary conditions. A 4th
order governing differential equation is derived and a pro-
cedure for its exact solution is presented. The accuracy and
efficiency of the work is verified through analysis of typical ex-
amples. Ryu et al. [4] dealt with the dynamic stability of can-
tilever Timoshenko columnswith a tip rigid body and subjected
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doi:10.1016/j.scient.2012.11.005to the action of sub-tangential forces. It is shown that the tip
rigid body does not affect the critical load for the value of a non-
conservativeness parameter less than or equal to 0.5, where,
for values greater than 0.5, the tip rigid body has a great ef-
fect on the flutter force. Moreover, the effect of shear deforma-
tion on the critical force is very small. The dynamic stability of
beams with a single crack subjected to conservative and non-
conservative forces is investigated by Viola andMarzani [5]. The
Hamilton’s principle is used to derive the governing equation
for the system. They concluded that when the boundary condi-
tions are fixed, depending on the crack parameters and on the
degree of non-conservativeness of the load, the beam becomes
unstable in the form of either flutter or divergence. Binici [6]
proposed a method to obtain the eigen frequencies and mode
shape of beams containing multiple cracks and subjected to ax-
ial force. A cantilever and a simply supported beam column for
buckling and vibration analysis are considered. The effect of
cracks and the axial force level on eigen frequencies is investi-
gated through a parametric study. The changes in the dynamic
characteristics, due to the presence of a crack on an axially
loaded uniform Timoshenko beam, are investigated by Viola
et al. [7]. The dynamic stability of a cantilever Timoshenko beam
on an elastic foundation of Winkler type and subjected to a fol-
lower force is studied by Djondjorov and Vassilev [8]. TheWin-
kler foundation is found to reduce the critical tensile force for a
beamof intermediate slenderness. An investigation into the dy-
namic stability of an axially accelerating viscoelastic beam un-
dergoing parametric resonance is carried out by Chen et al. [9].
evier B.V. Open access under CC BY-NC-ND license.
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shear deformation and rotary inertia are taken into account. The
work is verified through numerical examples. Stimac et al. [10]
investigated the dynamic stability of a cantilever column sub-
jected to axial and tangential compressive forces. For both static
and pulsating loads, the dynamic response is studied. Viola
et al. [11] extended their previous work [5] to the dynamic sta-
bility of multi cracked T cross section beams. A doubly cracked
Euler–Bernoulli beam subjected to triangular sub-tangential
forces is considered. A similar conclusion to previous work is
obtained. The effect of a single edge crack and its location on
the buckling loads, natural frequencies and dynamic stability of
a circular curved beam are investigated using the finite element
method by Karaagac et al. [12]. The results were comparedwith
the others, and good agreementwas obtained.Moreover, the ef-
fect of crack on the dynamic stability of the curved beam is quite
limited. The influence of the axial load on the vibration modes
of beam-columns in the presence of multiple cracks with dif-
ferent numbers and positions, under different boundary condi-
tions, has been analyzed by Caddemi and Calio [13]. The results
were treated to an extensive parameter analysis.
Ranjbaran [14] investigated the effect of crack on the sta-
bility of columns and free vibration of beams, bars and torsion
members. A general governing differential equation for eigen
value analysis of cracked members is proposed. The accuracy
and efficiency of the work is verified through customizing the
general solution for special conditions and comparing the re-
sults with the predefined solutions. In a recent work, Ranjbaran
et al. [15] proposed a new and innovative method for com-
putation of the longitudinal dynamic characteristics of multi-
cracked bars. A single governing equation is derived, the closed
form solution is obtained by the Laplace Transform and the nu-
merical solution is obtained by the finite element method. In
this formulation, the effect of the crack is modeled by adding
an equivalent mass to the affine bar. Through numerical study,
the accuracy, efficiency and robustness of the work are verified.
The previous solution for free vibration analysis of a cracked
bar is upgraded and a simple solution is proposed by Ranjbaran
et al. [16]. The paper concludes with two algorithm for deter-
mining the position and location of the crack using the mea-
sured frequencies.
In continuation of the previous work of the senior au-
thor [14–16], the present paper is proposed. The governing
equation and numerical algorithms for the dynamic stability
analysis of the cracked columns is provided. Through analysis
of typical examples and comparison of the results with those
of the predefined solutions, the accuracy, efficiency and robust-
ness of the work is verified.
2. Theoretical basis
2.1. Free vibration of an intact column
The governing equation for the free vibration of a column
under axial compressive force is:
EIyIV + Py′′ −mω2y = 0, (1)
in which E is the elastic modulus, I is the 2nd moment of area,
y is the lateral displacement, P is the axial force, m is the mass
per unit length and ω is the natural frequency. This equation is
written as:
yIV + λ2Py′′ − λ4ωy = 0, EIλ2P = P,
EIλ4ω = mω2. (2)The Laplace Transform (LT) [17] of Eq. (2) is written as:
s4Ly − s3y0 − s2y′0 − sy′′0 − y′′′0
+ λ2P

s2Ly − sy0 − y′0
− λ4ωLy = 0, (3)
or:
Ly =

s(s2 + λ2P)y0 + (s2 + λ2P)y′0
+ sy′′0 + y′′′0

/

s4 + s2λ2P − λ4ω

. (4)
By taking the inverse LT from Eq. (4), the closed form solution
for an intact column (y∗) is obtained as:
y∗ = A00 (x) y0 + A01 (x) y′0 + A02 (x) y′′0 + A03 (x) y′′′0 ,
y′∗ = A10 (x) y0 + A11 (x) y′0 + A12 (x) y′′0 + A13 (x) y′′′0 ,
y′′∗ = A20 (x) y0 + A21 (x) y′0 + A22 (x) y′′0 + A23 (x) y′′′0 , (5)
y′′′∗ = A30 (x) y0 + A31 (x) y′0 + A32 (x) y′′0 + A33 (x) y′′′0 ,
λ2Py
′
∗ + y′′′∗ = A40 (x) y0 + A41 (x) y′0 + A42 (x) y′′0
+ A43 (x) y′′′0
in which the coefficient functions

Aij (x) , i, j = 1, 4

are
defined in the Appendix.
In the subsequent sections, for brevity and without loss of
generality, the formulation is developed for a typical crack, i, in
the member. The final equations are obtained for nc cracks just
by inserting the terms for the typical crack in a summation sign.
2.2. Free vibration of a cracked column
Crack i introduces a jump into the tangent to the lateral
displacement of a flexural member. Jump y′crack and its
derivative are defined as [14]:
y′crack = cbiy′′H (x− xi)→ y′′crack = cbiy′′δ (x− xi) , (6)
in which cbi is the crack compliance, H is the Heaviside unit
step function and δ is the Dirac distribution. A typical relation
between cbi, crack depth, ai, member depth, h, crack position, xi,
axial coordinate, x, and mechanical properties (E, ν) is defined
as follows [3]:
cbi = hξ (2− ξ) /0.9 (1− ξ)2 , ξ = ai/h. (7)
Substitute Eq. (6) into the GE (Eq. (2)) to obtain the GE for a
cracked member as:
y′′ − cbiy′′δ (x− xi)
′′ + λ2Py′′ − λ4ωy = 0. (8)
The LT of Eq. (8) is written as:
s4Ly − s3y0 − s2y′0 − sy′′0 − y′′′0 − s2L

cbiy′′δ

+ λ2P

s2Ly − sy0 − y′0
− λ4ωLy = 0, (9)
or:
Ly =

s

s2 + λ2P

y0 +

s2 + λ2P

y′0 + sy′′0 + y′′′0
+ s2cbiy′′i e−sxi

s4 + s2λ2P − λ4ω

. (10)
The inverse LT of Eq. (10) leads to the closed form solution for a
cracked column as:
y = y∗ +
nc
i=1
cbiy′′i A04 (x)H (x− xi) . (11)
Coefficient A04 (x) is defined in the Appendix.
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The investigation into the dynamic stability of a column is
carried out in the following steps. The closed form solution in
Eq. (11) is customized by applying the boundary conditions
to the left support first. In the next step, the boundary
conditions on the right support are inserted into the customized
equations and a system of two homogeneous simultaneous
equations is obtained. Setting the determinant of the coefficient
matrix equal to zero, leads to an equation for determining
the relation between the frequency and the compressive force.
Corresponding to each value for the compressive force, a
value for the frequency is determined. The real frequency
corresponds to the stable state and the complex frequency to
the unstable state. A diagram showing the relation between
the frequency and the compressive force (dynamic stability
interaction diagram, DSID) is used for better demonstration.
2.4. Buckling analysis of a simply supported cracked column
The 2nd order GE for buckling of a simply supported column
is [18]:
EIy′′ + Py = 0→ y′′ + λ2Py = 0. (12)
The derivative of the jump term at the cracked point for this
case is:
y′′crack = cbiy′′δ (x− xi) = −cbiλ2Pyδ. (13)
Substitute

y′′in tact = y′′ − y′′crack = y′′ + cbiλ2Pyδ

into Eq. (12)
to obtain the GE for buckling of a simply supported cracked
column as:
y′′ + λ2P (1+ cbiδ) y = 0. (14)
The LT of Eq. (14) is written as:
Ly = sy0s2 + λ2P
+ y
′
0
s2 + λ2P
− λ
2
Pcbiyie
−sxi
s2 + λ2P
. (15)
The closed form solution is obtained by the inverse LT of Eq. (15)
as:
y = y0 cos λPx+ y′0λ−1P sin λPx
− λP
nc
i=1
cbi

y0 cos λPxi + y′0λ−1P sin λPxi

× sin λP (x− xi)H (x− xi) . (16)
And the customized solution is:
y = y′0λ−1P

sin λPx− λP
nc
i=1
cbi
× sin λPxi sin λP (x− xi)H (x− xi)

. (17)
Substitute the end condition at the right end to obtain:
y (L) = 0→ sin λPL
− λP
nc
i=1
cbi sin λPxi sin λP (L− xi) = 0. (18)
The buckling load is the first root of Eq. (18). The corresponding
buckling mode is:
y = sin λPx
− λP
nc
i=1
cbi sin λPxi sin λP (x− xi)H (x− xi) . (19)Eqs. (18) and (19) are used for verification of the formulation,
based on the 4th order equation.
3. Verification, results and discussions
To investigate the dynamic stability of columns, the
formulation in the previous section is applied to several
examples.
Example 1. The dynamic stability of a simply supported
cracked column is considered for study. Solution: The closed
form solution in Eq. (11) is customized by inserting the end
conditions at (x = 0) as:
y (x) = (A01 (x)− cbiA21 (xi) A04 (x)H (x− xi)) y′0
+ (A03 (x)− cbiA23 (xi) A04 (x)H (x− xi)) y′′′0 , (20)
y′′ (x) = (A21 (x)− cbiA21 (xi) A24 (x)H (x− xi)) y′0
+ (A23 (x)− cbiA23 (xi) A24 (x)H (x− xi)) y′′′0 . (21)
Substitution for the right end conditions leads to Eq. (22) which
is now given in Box I.
Set the determinant of the coefficient matrix equal to zero
to obtain the Buckling Frequency Equation (BFE) for a simply
supported cracked column as:
T1∗ (x)+
nc
i=1
cbi (Tc1 + Tc2) = 0, (23)
where:
T1∗ = sinhβL sinαL, (24)
Tc1
Cαβ
2 = β2 sinαL sinhβxi + α2 sinαxi sinhβL
× −α3 sinα (L− xi)+ β3 sinhβ (L− xi) , (25)
Tc2 =

αβCαβ
2
(sinhβxi sinαL− sinαxi sinhβL)
× (α sinα (L− xi)+ β sinhβ (L− xi)) . (26)
For the buckling case, only (α = λP , β = 0) the BFE is reduced
to:
T1∗ +
nc
i=1
cbi (Tc1 + Tc2)
= sin λPL− λP
nc
i=1
cbi sin λPxi sin λP (L− xi) = 0, (27)
which is exactly as in Eq. (18). This agreement is used as a
verification criterion for the formulation.
The BFE for the vibration case only (α = β = λω) is defined
as:
T1∗ (L)+
nc
i=1
cbi (Tc1 (L)+ Tc2 (L)) = 0, (28)
where:
T1∗ = sin λωL sinh λωL, Tc1 = 0, (29)
Tc2 = 0.25λω (sinh λωxi sin λωL− sin λωxi sinh λωL)
× (sin λω (L− xi)+ sinhβ (L− xi)) . (30)
To this end the formulation for the stability analysis, the
free vibration analysis and the buckling analysis of a simply
supported cracked column is derived.
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2)

y (L)
y′′ (L)

=

(A01 (L)− cbiA21 (xi) A04 (L)) (A03 (L)− cbiA23 (xi) A04 (L))
(A21 (L)− cbiA21 (xi) A24 (L)) (A23 (L)− cbiA23 (xi) A24 (L))
 
y′0
y′′′0

=

0
0

(2
Box IExample 2. For a cracked cantilever beam, determine the
relation between the frequency and the axial compressive force.
Solution: The customized form of the closed form solution
(Eq. (11)) for the cantilever column with the left fixed support
is written as:
y (x) = (A02 (x)− cbA22 (xi) A04 (x)H (x− xi)) y′′0
+ (A03 (x)− cbA23 (xi) A04 (x)H (x− xi)) y′′′0 . (31)
Substitute the right end conditions, i.e. y′′L = 0 and V (L) =
λ2Py
′
L + y′′′L = 0 to obtain Eq. (32) which is now given in Box II.
The determinant of the coefficient matrix is set equal to
zero to obtain the BFE for the cantilever column under axial
compressive force as:
T2∗ +
nc
i=1
cbi (Tc3 + Tc4) = 0, (33)
where:
T2∗ = 2α2β2 +

α4 + β4 coshβL cosαL
−αβ α2 − β2 sinhβL sinαL, (34)
and:
Tc3
Cαβα2β2
= α2 cosαL+ β2 coshβL
× (α sinαxi + β sinhβxi)−

α2 cosαxi + β2 coshβxi

× (α sinαL+ β sinhβL)) (− cosα (L− xi)
+ coshβ (L− xi)) , (35)
and:
Tc4
Cαβ
= β2 cosαL+ α2 coshβL
× α2 cosαxi + β2 coshβxi+ αβ (β sinαL− α sinhβL)
× (α sinαxi + β sinhβxi))
−α3 sinα (L− xi)
+ β3 sinhβ (L− xi)

. (36)
For the buckling case, only the BFE is:
T2∗ + cbi (Tc3 + Tc4)
= cos λPL− cbiλP cos λPxi sin λP (L− xi) = 0. (37)
The BFE for the vibration case only (α = β = λω) is:
T2∗ + cbi (Tc3 + Tc4) = 0,
T2∗ = L (1+ cosh λωL cos λωL) , (38)
and:
Tc3 = 0.25λωL ((cos λωL+ cosh λωL)
× (sin λωxi + sinh λωxi)− (cos λωxi + cosh λωxi)
× (sin λωL+ sinh λωL)) (− cos λω (L− xi)
+ cosh λω (L− xi)) , (39)and:
Tc4 = 0.25λωL ((cos λωL+ cosh λωL)
× (cos λωxi + cosh λωxi)+ (sin λωL− sinh λωL)
× (sin λωxi + sinh λωxi)) (− sin λω (L− xi)
+ sinh λω (L− xi)) . (40)
Example 3. Investigate the dynamic stability for a cracked
cantilever beam under a follower force.
Solution: The customized form of the closed form solution
(Eq. (11)) for the cantilever column with the left fixed support
is written as:
y (x) = (A02 (x)− cbA22 (xi) A04 (x)H (x− xi)) y′′0
+ (A03 (x)− cbA23 (xi) A04 (x)H (x− xi)) y′′′0 . (41)
Substitute the right end conditions, i.e. y′′L = 0 and y′′′L = 0, to
obtain Eq. (42) which is now given in Box III.
The determinant of the coefficient matrix is set equal to zero
to obtain the BFE as:
T3∗ +
nc
i=1
cbi (Tc5 + Tc6) = 0, (43)
where:
T3∗ =

α4 + β4 + 2α2β2 coshβL cosαx
+αβ α2 − β2 sinαL sinhβL, (44)
and:
Tc5
Cαβ
= α2 cosαx+ β2 coshβx (α sinαL+ β sinhβL)
− (α sinαx+ β sinhβx) α2 cosαL+ β2 coshβL
× −α4 cosα (L− xi)+ β4 coshβ (L− xi) , (45)
and:
Tc6
Cαβ
= (α sinαx+ β sinhβx) −α3 sinαL+ β3 sinhβL
− α2 cosαx+ β2 coshβx
× α2 cosαL+ β2 coshβL −α3 sinα (L− xi)
+ β3 sinhβ (L− xi)

. (46)
For better presentation, the frequency and the axial force are
defined in dimensionless form as:
R2ω = ω2/ω210, RP = P/Pe, Pe = π2EI/L2,
(ω10)
2 = π4EI/mL4 (47)
in whichω10 is the first natural frequency and Pe is the buckling
load (Euler load) for a simply supported column, respectively.
Based on the present formulation, a computer program is
prepared. The program is used for numerical solution of the
BFEs. The results are shown by the relation between the
frequency ratio and the buckling load ratio and called The
Dynamic Stability Interaction Diagram (DSID).
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2)

y′′ (L)
V (L)

=

(A22 (L)− cbA22 (xi) A24 (L)) (A23 (L)− cbA23 (xi) A24 (L))
(A42 (L)− cbA22 (xi) A44 (L)) (A43 (L)− cbA23 (xi) A44 (L))
 
y′′0
y′′′0

=

0
0

(3
Box II2)

y′′ (L)
y′′′ (L)

=

(A22 (L)− cbA22 (xi) A24 (L)) (A23 (L)− cbA23 (xi) A24 (L))
(A32 (L)− cbA22 (xi) A34 (L)) (A33 (L)− cbA23 (xi) A34 (L))
 
y′′0
y′′′0

=

0
0

(4
Box IIIFigure 1: DSID versus ξ for a simply supported column.
Figure 2: DSID versus crack positions for a simply supported column.
For the simply supported column, the effect of crack depth
ratio on the DSID for a crack with crack position (Rx = 0.5) and
the slenderness ratio in percent (SRP = 10) versus crack depth
ratio (ξ) is shown in Figure 1. Both frequency and buckling load
decrease with increase in crack depth. Moreover, the rate of
decrease for these parameters grows with the increase in crack
depth. The effect of crack position on the DSID for (ξ = 0.5) and
(SRP = 10) is shown in Figure 2. Figure 3 shows the effect of
SRP on the DSID for (Rx = 0.5) and (ξ = 0.5). The crack near
the column center is more effective. The long columns are less
affected by the crack than the short columns. The buckling load
and the frequency for the cracked column (the values on the
coordinate axes) are in close agreement with the results of the
others [6] and the 2nd order equation. The excellent agreement
between the results verified the work.
The cantilever column under axial force is considered in
this paragraph. The DSID for a crack at the fixed support
(Rx = 0.0) and (SRP = 10) versus the crack depth ratio isFigure 3: DSID versus (SRP = 100h/L) for a simply supported column.
Figure 4: DSID versus crack depth ratio for a cantilever column.
shown in Figure 4. The effect of the crack position on the DSID
for a crack with a crack depth (ξ = 0.5) and a slenderness ratio
(SRP = 10) is shown in Figure 5. In Figure 6, the effect of the
slenderness ratio for a crack at fixed support and crack depth
ratio (ξ = 0.5) is demonstrated.
The DSID for a cantilever with two cracks at fixed
support and at the middle length is shown in Figure 7.
The result is shown for (ξ = 0), (ξ1 = 0.5), (ξ2 = 0.5) and
(ξ1 = ξ2 = 0.5). In this Figure, the DSID for two cracks; a
crack at the fixed support and a crack at the middle length, are
compared with that of an intact column.
The effect of the crack depth ratio on the DSID for (Rx = 0.0)
and (SRP = 10) in a cracked cantilever column under the
follower force is shown in Figure 8. The lower value on the
vertical axis denotes the first frequency and the upper value
denotes the second frequency. The increase in the crack depth
ratio for a crack at fixed support reduces both frequencies. As a
result, all curves intersected at a single point. The buckling load
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Figure 6: DSID versus slenderness ratio for a cantilever column under axial
force.
Figure 7: DSID for a cantilever column with two cracks.
under the follower force (the points with the vertical tangent)
is much higher than the load under the axial force. The effect of
crack position on the DSID for ω1 and ω2 is shown in Figure 9.
The behavior is different from the previous column. The effect
of SRP on the DSID is shown in Figure 10.
4. Conclusions
The conclusions from this study are summarized as follows:
The problem of the dynamic stability of cracked columns is
considered, a new formulation is proposed, and the governingFigure 8: DSID versus ξ for a cantilever column under follower force.
Figure 9: DSID versus crack position for a cantilever column under follower
force.
Figure 10: DSIDversus slenderness ratio for a cantilever columnunder follower
force.
equations are derived. The formulation is implemented in a
computer program and the numerical examples are solved
by this program. A simple cracked column is considered
first. The effect of crack position, crack depth ratio and
slenderness ratio on the dynamic stability interaction diagram
is investigated. The accuracy, efficiency and robustness of
the work are verified. The dynamic stability of a cantilever
column under axial and follower forces are investigated next.
The corresponding equations are obtained. Through numerical
studies, the accuracy and efficiency of the columnunder the two
forces are verified and compared.
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A.1. The parameters used in the paper are defined as follows
mL4 (ω10)2 = π4EI,
R2ω = ω2/ω210 =

mL4ω2

/π4EI → R2ω = (λωL)4 /π4,
EIλ4ω = mω2,
Pe = π2EI/L2,
RP = P/Pe = PL2/π2EI → RP = (λPL/π)2 ,
EIλ2P = P, Cαβ =

α2 + β2−1 ,
2α2L2 = π2

R2P + 4R2ω + RP

,
2β2L2 = π2

R2P + 4R2ω − RP

, α2β2L4 = π4R2ω,

α2 + β2 L2 = π2 R2P + 4R2ω ,
α2 − β2 L2 = π2RP , α4 + β4 L4 = π4 R2P + 2R2ω .
The coefficients of closed form solution are:
A.2. Coefficient of y
A00 (x) = Cαβ

β2 cosαx+ α2 coshβx ,
Cαβ =

α2 + β2−1 ,
A01 (x) = Cαβ (αβ)−1

β3 sinαx+ α3 sinhβx ,
A02 (x) = Cαβ (− cosαx+ coshβx) ,
A03 (x) = Cαβ (αβ)−1 (−β sinαx+ α sinhβx) ,
A04 (x) = Cαβ (α sinα (x− xi)+ β sinhβ (x− xi)) .
A.3. Coefficient of y′
A10 (x) = Cαβαβ (−β sinαx+ α sinhβx) ,
A11 (x) = Cαβ

β2 cosαx+ α2 coshβx ,
A12 (x) = Cαβ (α sinαx+ β sinhβx) ,
A13 (x) = Cαβ (− cosαx+ coshβx) ,
A14 (x) = Cαβ

α2 cosα (x− xi)+ β2 coshβ (x− xi)

.
A.4. Coefficient of y′′
A20 (x) = Cαβα2β2 (− cosαx+ coshβx) ,
A21 (x) = Cαβαβ (−β sinαx+ α sinhβx) ,
A22 (x) = Cαβ

α2 cosαx+ β2 coshβx ,
A23 (x) = Cαβ (α sinαx+ β sinhβx) ,
A24 (x) = Cαβ
−α3 sinα (x− xi)+ β3 sinhβ (x− xi) .A.5. Coefficient of y′′′
A30 (x) = Cαβα2β2 (α sinαx+ β sinhβx) ,
A31 (x) = Cαβα2β2 (− cosαx+ coshβx) ,
A32 (x) = Cαβ
−α3 sinαx+ β3 sinhβx ,
A33 (x) = Cαβ

α2 cosαx+ β2 coshβx ,
A34 (x) = Cαβ
−α4 cosα (x− xi)+ β4 coshβ (x− xi) .
A.6. Coefficient of λ2Py
′ + y′′′
A40 (x) = Cαβαβ

β3 sinαx+ α3 sinhβx ,
A41 (x) = Cαβ
−β4 cosαx+ α4 coshβx ,
A42 (x) = Cαβαβ (−β sinαx+ α sinhβx) ,
A43 (x) = Cαβ

β2 cosαx+ α2 coshβx ,
A44 (x) = Cαβα2β2 (− cosα (x− xi)+ coshβ (x− xi)) ,
A44 (x) = Cαβ

α2

(λP)
2 − α2 cosα (x− xi)
+ β2 (λP)2 + β2 coshβ (x− xi) .
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